Abstract. We prove that every Kirchberg algebra in the UCT class has nuclear dimension 1. We first show that Kirchberg 2-graph algebras with trivial K 0 and finite K 1 have nuclear dimension 1 by adapting a technique developed by Winter and Zacharias for Cuntz algebras. We then prove that every Kirchberg algebra in the UCT class is a direct limit of 2-graph algebras to obtain our main theorem.
Introduction
Nuclear dimension for C * -algebras, introduced by Winter and Zacharias in [25] , is a noncommutative notion of rank based on covering dimension for topological spaces. It has been shown [21, 23, 24] to be closely related to Z-stability and hence to the classification program for simple nuclear C * -algebras. Winter and Zacharias showed that all UCT-Kirchberg algebras (i.e., separable, nuclear, simple, purely infinite C * -algebras in the UCT class) have nuclear dimension at most 5 and asked whether the precise value of their dimension is determined by algebraic properties of their K-groups, such as torsion [25, Problem 9.2] . Matui and Sato [14] subsequently improved the estimate for simple Kirchberg algebras from 5 to 3, and their result is valid for non-UCT Kirchberg algebras, if any exist; and Barlak, Enders, Matui, Szabó and Winter have showed how to recover the Matui-Sato estimate from a general relationship between the nuclear dimension of an O ∞ -stable C * -algebra and its O 2 -stablization that implies, in particular, that every O ∞ -absorbing C * -algebra with compact metrizable primitive-ideal space has nuclear dimension at most 7 [2] . For UCT-Kirchberg algebras, a further improvement due to Enders [4] shows that every UCT-Kirchberg algebra with torsion-free K 1 has nuclear dimension 1. But the question remained open whether torsion in K 1 precludes having nuclear dimension 1. In this paper, we completely answer Winter and Zacharias' question by showing that every UCT-Kirchberg algebra, regardless of its K-theory, has nuclear dimension 1.
We recall the definition of nuclear dimension. A completely positive map φ between C * -algebras is order zero if ab = 0 implies φ(a)φ(b) = 0 for positive a, b. A separable C * -algebra A has nuclear dimension r, denoted by dim nuc (A) = r, if r is the least element in N ∪ {∞} for which there exist finite dimensional C * -algebras (F n ) n∈N , completely positive, contractive linear maps (φ n : A → F n ) n∈N , and completely positive linear maps (ψ n : F n → A) n∈N such that (1) lim n→∞ a − ψ n • φ n (a) = 0 for all a ∈ A and (2) each F n has a decomposition vertices, and call r(λ) and s(λ) the range and source of λ. We have r(λ)λ = λ = λs(λ). We write λ ∈ Λ to mean λ ∈ Mor(Λ). We use the following notation from [15] : given λ ∈ Λ and E ⊆ Λ, we define λE := {λµ | µ ∈ E, r(µ) = s(λ)} and Eλ := {µλ | µ ∈ E, s(µ) = r(λ)} .
In particular if d(v) = 0, then vE = {λ ∈ E | r(λ) = v}, and Ev = {λ ∈ E | s(λ) = v}.
For n ∈ N k , we let Λ n = d −1 (n). For n < m, we set Λ [n,m) = {λ ∈ Λ | n ≤ d(µ) < m}. We use the convention that for m ≤ n ≤ d(λ), the path λ(m, n) is the unique element of Λ n−m such that λ = λ ′ λ(m, n)λ ′′ for some λ ′ ∈ Λ m . An application of the factorisation property shows that for m ≤ d(λ) we have λ = λ(0, m)λ(m, d(λ)).
As in [9] , we say that Λ is row-finite if vΛ n is finite for each v ∈ Λ 0 and n ∈ N k . We say that Λ has no sources if each vΛ n = ∅. All k-graphs in this paper will be row-finite with no sources.
Definition 2.2 ([18]
). Let (Λ, d) be a k-graph. Given µ, ν ∈ Λ, we say that λ is a minimal common extension of µ and ν if λ ∈ µΛ ∩ νΛ and d(λ) = d(µ) ∨ d(ν). We denote the collection µΛ ∩ νΛ ∩ Λ d(µ)∨d(ν) of all minimal common extensions of µ and ν by MCE(µ, ν). We define Λ min (µ, ν) := {(α, β) ∈ Λ × Λ | µα = νβ ∈ MCE(µ, ν)} .
For a row-finite k-graph Λ, the set MCE(µ, ν) is finite for all µ, ν ∈ Λ, since each MCE(µ, ν) ⊆ r(µ)Λ d(µ)∨d(ν) . The factorisation property ensures that (α, β) → µα is a bijection from Λ min (µ, ν) to MCE(µ, ν).
The following definition of a Toeplitz-Cuntz-Krieger family for a higher-rank graph is essentially [17, Definition 7 .1], with the appropriate changes of conventions to translate from product-systems of graphs to k-graphs (see also [6 
, Section 2.2]).
Definition 2.3. Let Λ be a row-finite k-graph with no sources. A Toeplitz-Cuntz-Krieger Λ-family is a collection {t λ } λ∈Λ of partial isometries in a C * -algebra satisfying (TCK1) {t v } v∈Λ 0 is a collection of mutually orthogonal projections; (TCK2) t λ t µ = δ s(λ),r(µ) t λµ for all λ, µ ∈ Λ; (TCK3) t * λ t λ = t s(λ) for all λ ∈ Λ; and (TCK4) t * λ t µ = (α,β)∈Λ min (λ,µ) t α t * β for all λ, µ ∈ Λ. As in [9] , a Cuntz-Krieger Λ-family is a collection {s λ } λ∈Λ of partial isometries in a C * -algebra satisfying (TCK1), (TCK2), (TCK3), and (CK) s v = λ∈vΛ n s λ s * λ for each v ∈ Λ 0 and n ∈ N k . Let Λ be a row-finite k-graph with no sources. There is a universal C * -algebra T C * (Λ) generated by a universal Toeplitz-Cuntz-Krieger Λ-family {t λ } λ∈Λ . We call this C * -algebra the Toeplitz algebra of Λ. There is also a universal C * -algebra C * (Λ) generated by a universal Cuntz-Krieger Λ-family {s λ } λ∈Λ . We call this C * -algebra the Cuntz-Krieger algebra of Λ, or just the C * -algebra of Λ.
The Kribs-Solel construction for k-graphs
For the duration of this section, we fix a row-finite k-graph Λ with no sources. The key tool for understanding nuclear dimension of graph algebras in [20] was a construction due to Kribs and Solel [8] . The first step in our analysis here is to adapt this construction to k-graphs.
Choose n = (n 1 , . . . , n k ) ∈ N k with each n i ≥ 1. Let
We will often just write H for 
We aim to make this set into a k-graph.
, and
Lemma 3.1. Under the operations just described, Λ(n) is a row-finite k-graph with no sources.
Proof. We show that Λ(n) is a category. We first check that s and r are compatible with composition. Suppose that s((λ, λ
and since d(τ ) ∈ H, we have r((λ, λ
. We now check that r((λ, λ ′ )) and s((λ, λ ′ )) act as left-and right identities for (λ, λ ′ ):
To check associativity, suppose that s((λ, λ
So Λ(n) is a category. We check that d is a functor:
Now we check the factorisation property. Suppose that d((λ, λ ′ )) = p+q. Then d(λ) = p+q, and the factorisation property in Λ gives µ ∈ Λ p and ν ∈ Λ q such that λ = µν. Now (ν, λ ′ ) ∈ Λ(n) q and has range r((ν, λ
) = q, the factorisation property in Λ forces α = µ and β = ν. Since (α, α ′ ) and (β, β ′ ) are composable, we have
. Hence Λ(n) is a k-graph. To see that Λ(n) is row-finite with no sources, take (r(λ), λ) ∈ Λ(n) 0 and m ∈ N k . Then
which is finite and nonempty because s(λ)Λ p is finite and nonempty.
To work with Toeplitz-Cuntz-Krieger Λ(n)-families we first compute Λ(n)
So λα = µβ, and
we deduce that ((α, τ ), (β, ρ)) = ((α, τ ), (β, τ )) belongs to the right-hand side of (3.1).
For each n we now construct a homomorphism from C * (Λ) to C * (Λ(n)) analogous to those for directed graphs described in [20, Lemma 2.5] .
be the generating Toeplitz-Cuntz-Krieger families and let {s λ } λ∈Λ ⊆ C * (Λ) and
The homomorphism ι n descends to the homomorphismι n under the canonical quotient maps from Toeplitz algebras to Cuntz-Krieger algebras.
Proof. For λ ∈ Λ, define T λ := λ ′ ∈s(λ)Λ <n t (λ,λ ′ ) ∈ T C * (Λ(n)). We check that {T λ } λ∈Λ is a Toeplitz-Cuntz-Krieger Λ-family. Take v, w ∈ Λ 0 . Since {t (r(ν),ν) } ν∈Λ <n are mutually orthogonal projections,
and so {T v } v∈Λ 0 are mutually orthogonal projections, giving (TCK1).
Hence, for λ, µ ∈ Λ,
So {T λ } λ∈Λ satisfies (TCK2). For (TCK3) and (TCK4), fix λ, µ ∈ Λ. We calculate:
So summing over two variables τ ∈ s(α)Λ <n and ρ ∈ s(α)Λ <n = s(β)Λ <n adds no new nonzero terms to the final line of the preceding calculation. Hence
This gives (TCK4); and (TCK3) then follows from (TCK1) because
The universal property of T C * (Λ) gives a homomorphism ι n :
for all λ. To see that ι n descends to the desired homomorphismι n :
) denote the quotient map. We check that the family
, and so µ = ν. Using this at the first equality and relation (CK) in C * (Λ(n)) at the second-last equality, we calculate:
So {S λ } λ∈Λ is a Cuntz-Krieger Λ-family. The universal property of C * (Λ) now gives a ho- 
For a set X, we write K X for the C * -algebra of compact operators on ℓ 2 (X), with canonical matrix units {θ x,y | x, y ∈ X}.
Proof. We just have to check the Cuntz-Krieger relations for the elements
Let (λ, λ ′ ) and (µ, µ ′ ) be elements in Λ(n). Then
. Putting these two observations together, we deduce that
as required. Now the universal property of C * (Λ(n)) gives the desired homomorphism j n .
Cartesian products, 1-graphs, and the Kribs-Solel construction
Kumjian and Pask show that a cartesian product Λ × Γ of higher-rank graphs is itself a higher-rank graph with
. In this section we show that the construction of the preceding section is compatible with the cartesian-product operation, and also that the construction of [8] and that of the preceding section are compatible via the passage from directed graphs to 1-graphs. We will use these results to compute the map
) for a particular class of 2-graphs Λ (but see also Appendix A).
For
. We show that the homomorphism in Lemma 3.3 is compatible with the isomorphism
We will need to apply Lemma 4.2 where Λ 1 and Λ 2 are the 1-graphs associated to directed graphs E and F , and relate this to [20, Lemma 2.5] for C * (E) and C * (F ). We therefore find ourselves in an unfortunate clash of conventions. The convention used in [20] is that of [10, 11] where, for historical reasons, the partial isometries in a Cuntz-Krieger family point in the opposite direction to the edges in the graph. This is at odds with the k-graph convention where the partial isometries go in the same direction as the morphisms in the k-graph. To deal with this, we take the approach that the range and source maps are interchanged when passing from a directed graph E to its path category E * . We recall the definition of the Toeplitz algebra T C * (E) and the Cuntz-Krieger algebra C * (E) of a directed graph E as used in [20] . Let E = (E 0 , E 1 , r E , s E ) be a row-finite directed graph with no sinks (so 0
is the universal C * -algebra generated by mutually orthogonal projections {q v } v∈E 0 and elements {t e } e∈E 1 such that 1) t * e t e = q r E (e) for all e ∈ E 1 , and 2) q v ≥ e∈E 1 ,s E (e)=v t e t * e for each v ∈ E 0 .
The graph C * -algebra C * (E) is the universal C * -algebra generated by mutually orthogonal projections {p v } v∈E 0 and elements {s e } e∈E 1 such that 3) s * e s e = p r E (e) for all e ∈ E 1 , and 4) p v = e∈E 1 ,s E (e)=v t e t * e for each v ∈ E 0 .
We recall the construction described in [8, Section 4] . Given m ∈ N and a directed graph E = (E 0 , E 1 , r E , s E ), we define E(m) to be the directed graph with
The next lemma is due to James Rout, and will appear in his PhD thesis. We thank James for providing us with the details (a proof appears in [20, Lemma 2.5]). We describe canonical isomorphisms C * (E) ∼ = C * (E * ) and C * (E(m)) ∼ = C * (E * (m)) and show that these isomorphisms intertwine the homomorphismι m,E of Lemma 4.3 and the homomorphismι m of Lemma 3.3.
Remark 4.4. Let E be a row-finite directed graph with no sinks, and let E * be its path-category regarded as a row-finite 1-graph with no sources. Let {p v , s e } v∈E 0 ,e∈E 1 be the universal generators of C * (E) and let {S λ } λ∈E * be the universal generators of C * (E *
Lemma 4.5. Let E be a row-finite directed graph with no sinks, and let E * be its pathcategory regarded as a row-finite 1-graph with no sources. There is an isomorphism of 1-graphs
Proof. Example 1.3 of [9] says that 1-graphs Λ and Γ are isomorphic if and only if there is a bijection Λ 1 → Γ 1 that intertwines range maps and source maps. Since (e, µ) → (e, µ) is such a bijection between (E(m) * ) 1 and E * (m) 1 , there is an isomorphism E * (m) ∼ = E(m) * as claimed. Since isomorphic 1-graphs have canonically isomorphic C * -algebras, the result follows.
Lemma 4.6. Let E be a row-finite directed graph with no sinks, and fix m ∈ N \ {0}. Identify
and
S (e,λ) = (e,λ)∈E(m) 1 S (e,λ) ,
S (e,λ) .
Asymptotic order-1 approximations
In this section, we show that given a row-finite 2-graph with no sources, the family of homomorphisms (ι n ) n∈N k has an asymptotic order-1 approximation through AF-algebras. Thus, the family (j n •ι n ) n∈N k has an asymptotic order-1 approximation through AF-algebras. We will use this family of homomorphisms in the next section to prove that the nuclear dimension of a UCT-Kirchberg algebra with trivial K 0 and finite K 1 has nuclear dimension 1.
If f : N k → R is a function, then we write lim n→∞ f (n) = 0 if for every ε > 0 there exists N ∈ N k such that |f (n)| < ε whenever n ≥ N in N k . Recall that a completely positive map φ : A → B has order-zero if for a, b ∈ A + with ab = 0, we have φ(a)φ(b) = 0. Suppose that (β n ) n∈N k is a family of homomorphisms β n : A → B n , and let C be a class of C * -algebras. Following [20, Definition 2.8]
1
, a family (F n , φ n , ψ n ) n∈N k is an asymptotic order-r factorisation of the family (β n ) through elements of C if each F n is a direct sum
n ∈ C, each ψ n : A → F n is a completely positive contraction, each φ n : F n → B n restricts to an order-zero completely positive contraction on each F (i) n , and lim n→∞ φ n • ψ n (a) − β n (a) = 0 for each a ∈ A. We say that (F n , φ n , ψ n ) n∈N k is an asymptotic order-r factorisation of β : A → B if it is an asymptotic order-r factorisation of (β) n∈N k .
Remark 5.1. Suppose that (β n : A → B n ) n∈N k has an asymptotic order-r factorisation through elements of C. Then for any strictly increasing sequence (n m ) m∈N in N k such that n m j → ∞ as m → ∞ for each j ≤ k, the sequence (β n m ) m∈N has an asymptotic order-r factorisation through elements of C in the sense of [20, Definition 2.8].
Throughout this section, we use the following notation. Let Λ be a row-finite k-graph with no sources and let n ∈ N k . Then {t λ } λ∈Λ ⊆ T C * (Λ) and {T (λ,λ ′ ) } (λ,λ ′ )∈Λ(n) ⊆ T C * (Λ(n)) will be the universal generating Toeplitz-Cuntz-Krieger families, and {s λ } λ∈Λ ⊆ C * (Λ) and
will be the universal generating Cuntz-Krieger families. We will regard T C * (Λ) as a sub-C * -algebra of B(ℓ 2 (Λ)). When s(µ) = s(ν), we have
where the series converges in the strict topology. First we construct homomorphism that we will use to define the maps φ n in our asymptotic factorization.
Lemma 5.2. Let Λ be a row-finite k-graph with no sources. For
for all µ, ν ∈ Λ [p,p+n) with s(µ) = s(ν).
Proof. We just have to check that {T (µ,s(µ)) T * (ν,s(ν)) } µ,ν∈Λ [p,p+n) ,s(µ)=s(ν) is a system of nonzero matrix units. They are nonzero by (5.1). Let µ, ν ∈ Λ [p,p+n) . By Lemma 3.2,
We claim that
Since µα = νβ, the factorisation property forces µ = ν. We then have
We now show that {T (µ,s(µ)) T * (ν,s(ν)) } µ,ν∈Λ [p,p+n) ,s(µ)=s(ν) form a system of matrix units, so that the formula given for Γ p+n p indeed defines a homomorphism. For µ, ν, µ
. Next we provide a technical lemma and a proposition that summarises what we require to construct an approximate order-1 factorisation of the family (ι n ) n∈N k obtained from Lemma 3.3.
Lemma 5.3. Let Λ be a row-finite k-graph with no sources and let
For µ, ν, τ ∈ Λ with s(µ) = s(ν) = r(τ ),
We now prove that T (µ,s(µ)) = T (r(µ),[µ]) ι n (t µ ). We have
This proves (5.2).
For the second assertion, take µ, ν, τ ∈ Λ with s(µ) = s(ν) = r(τ ). Then (5.2) gives
Recall that for n ∈ N k with each n i ≥ 1, the group H n is the subgroup
, and for a ∈ R \ {0}, put
, . . . ,
Proposition 5.4. Let Λ be a row-finite k-graph with no sources. For each n ∈ N k such that each n j > 0, each p < n, and each µ ∈ Λ, let h n,µ (p) and g n,µ (p) be the unique elements in H n such that
Suppose that there exist completely positive, contractive linear maps
for all µ, ν ∈ Λ with s(µ) = s(ν). Then the family (ι n ) n∈N k has an order-1 approximation through AF-algebras.
Proof. For each n ∈ N k , let π n : T C * (Λ(n)) → C * (Λ(n)) be the quotient homomorphism. We first show that for all µ, ν ∈ Λ with s(µ) = s(ν),
where the Γ's are the homomorphisms constructed in 5.2. For this, let µ, ν ∈ Λ with s(µ) = s(ν), and fix n ∈ N k . Lemma 5.2 gives
<n , and hence
Take p < n and α ∈ s(µ)Λ p . Then
A similar computation gives
Since {S (s(µ),α) } α∈s(µ)Λ <n is a collection of mutually orthogonal projections,
By assumption, lim n→∞ max p<n |∆ µ,ν n,1 (p) + ∆ µ,ν n,2 (p) − 1| = 0. This proves (5.3). Since k-graph algebras are nuclear [9, Theorem 5.5], we may apply [3, Theorem 3.10] to obtain a contractive completely positive splitting σ : C * (Λ) → T C * (Λ) for the quotient map. For each n, define ψ n :
,⌈5n/2⌉) by ψ n (a) := P n (σ(a)), Q n (σ(a)) and
φ n restricts to a homomorphism (and in particular an order-zero map) on each of K Λ [n,2n) and
for all µ, ν ∈ Λ with s(µ) = s(ν), the family (K Λ [n,2n) ⊕ K Λ [⌈3n/2⌉,⌈5n/2⌉) , ψ n , φ n ) is an asymptotic order-1 approximation of (ι n ) n∈N k through AF-algebras. 
Theorem 5.6. Let Λ be a row-finite 2-graph with no sources. Then (ι n ) n∈N k has an asymptotic order-1 approximation through AF-algebras.
Proof. For m ∈ N, let A m denote the m × m matrix with all entries equal to 1. For n ∈ N 2 , define
Since C n 1 ⊗ C n 2 is a finite-dimensional Hilbert space, ∆ n can be regarded as an n 1 n 2 × n 1 n 2 matrix. Since κ n 1 ⊗ A n 2 and A n 1 ⊗ κ n 2 are positive elements in the C * -algebra M n 1 ⊗ M n 2 , the matrix ∆ n is also positive. Write {e i } for the canonical orthonormal basis elements of C n 1 and of C n 2 . Then
. We claim that Schur multiplication by M n,i is a completely positive contraction for i = 1, 2. We just argue the case i = 1 and when n 1 and n 2 are even; the other cases are similar. For 1 ≤ j ≤ n 1 /2, let Φ 1,j be the strongoperator sum |d(λ) 1 −(3n 1 −1)/2|<j θ λ,λ , and for 1 ≤ j ≤ n 2 /2, let Φ 2,j = |d(λ) 2 −(3n 2 −1)/2|<j θ λ,λ , where d(λ) i denotes the ith coordinate of d(λ). Each Φ i,j is a projection, and so Φ i : a → n i /2 j=1 (Φ 1 + Φ 2 ), and so is itself a completely positive contraction.
For p < q ∈ N 2 , define R q p ∈ B(ℓ 2 (Λ)) to be the strong-operator sum
⌈3n/2⌉ ). Since Schur multiplication by each M n,i is a completely positive, contractive linear map and since R 2n n and R ⌈5n/2⌉ ⌈3n/2⌉ are projections, P n and Q n are completely positive, contractive linear maps.
We will show that ∆ n , P n , and Q n satisfy the hypotheses of Proposition 5.4. Fix µ, ν ∈ Λ with s(µ) = s(ν). Recall that the series τ ∈Λ θ µτ,ντ converges strictly to t µ t * ν . Since θ λ,λ θ µτ,ντ θ β,β = δ λ,µτ δ β,ντ θ µτ,ντ , ,m) ) m∈N has an asymptotic order-1 approximation through AF-algebras. Hence, (ι m,1 ⊗ι m,2 ) m∈N has an asymptotic order-1 approximation through AF-algebras. By Lemma 4.6, there exist isomorphisms ψ E :
Thus (ι m,E ⊗ι m,F ) m∈N has an asymptotic order-1 approximation through AF-algebras.
Nuclear dimension of UCT-Kirchberg algebras
In this section, we show that all UCT-Kirchberg algebras have nuclear dimension 1. We already know from [4] that every UCT-Kirchberg algebra with torsion free K 1 -group has nuclear dimension 1. So we first show that each UCT-Kirchberg algebra with trivial K 0 -group and finite K 1 -group has nuclear dimension 1, and then prove our main theorem. Definition 6.1. A Kirchberg algebra is a separable, nuclear, simple, purely infinite C * -algebra. A UCT-Kirchberg algebra is a Kirchberg algebra in the UCT class of [19] .
Since (γ m ) m∈N has an asymptotic order-1 approximation through AF-algebras, so does (Ad(u m )• β m • γ m ) m∈N . So (6.1) implies that id C * (E T )⊗C * (F Z ) has an asymptotic order-1 approximation through AF-algebras. Hence [20, Lemma 2.9] shows that dim nuc C * (E T ) ⊗ C * (F Z ) = 1. Let A be a UCT-Kirchberg algebra with K 0 trivial and Proof. Let I be a nonzero ideal of A. Then I n = φ −1 n,∞ (I) is an ideal of A n and φ n (I n ) ⊆ I n+1 . Since I is nonzero, there exists M such that I n = 0 for all n ≥ M. So for n ≥ max{N, M} the ideal generated by φ n (I n ) is A n+1 . Since φ n (I n ) ⊆ I n+1 , we have I n+1 = A n+1 for n ≥ max{N, M}, and so I = A.
Suppose each A n is a finite direct sum of UCT-Kirchberg algebras. Then every nonzero projection of any A n is properly infinite. Since φ n is injective for n ≥ N (because the maps are full), φ n takes properly infinite projections to properly infinite projections for all n ≥ N. Thus, every nonzero projection of A is properly infinite. Hence, A is a purely infinite simple C * -algebra. Since each A n is separable, nuclear, and in the UCT class, A is also. Thus, A is a UCT-Kirchberg algebra.
Lemma 6.5. Let A be a stable UCT-Kirchberg algebra. Then there exist sequences (Λ n ) n∈N and (Γ n ) n∈N of row-finite 2-graphs with no sources, and homomorphisms φ n : C * (Λ n ) ⊕ C * (Γ n ) → C * (Λ n+1 )⊕C * (Γ n+1 ) such that: each C * (Λ n ) and each C * (Γ n ) is a stable UCT-Kirchberg algebra with finitely-generated K-theory; each K 1 (C * (Λ n )) is free abelian; each K 0 (C * (Γ n )) is trivial and each K 1 (C * (Γ n )) is finite; and A ∼ = lim − → (C * (Λ n ) ⊕ C * (Γ n ), φ n ).
Proof. Let (G n,0 ) n∈N and (G n,1 ) n∈N be increasing families of finitely generated abelian groups with ∞ n=1 G n,0 = K 0 (A) and ∞ n=1 G n,1 = K 1 (A). Decompose each G n,1 as G n,1 = T (G n,1 ) ⊕ F (G n,1 ), where T (G n,1 ) is finite and F (G n,1 ) is free.
Let E K be the infinite row-finite graph · · · → • → • → · · · (so C * (E K ) ∼ = K). For each n apply [22, Theorem 1.2] to obtain a row-finite strongly connected graph E n such that C * (E n ) is a UCT Kirchberg algebra with K * (C * (E n )) = (G n,0 , F (G n,1 )). Then each Λ n := E * n × E * K is a row-finite 2-graph with no sources such that C * (Λ n ) is a stable UCT-Kirchberg algebra with K * (C * (Λ n )) = (G n,0 , F (G n,1 )). For each n, let E T (G n,1 ) and F Z be as in Lemma 6.2 and the preceding discussion. Let Γ n := E * T (G n,1 ) × F * Z . Then Γ n is a row-finite 2-graph with no sources, and C * (Γ n ) is a stable UCT-Kirchberg algebra with K * (C * (Γ n )) = (0, T (G n,1 )). Each K * (C * (Λ n ) ⊕ C * (Γ n )) = (G n,0 , G n,1 ). By Kirchberg-Phillips (cf. [7] and [16] ), for each n ∈ N, there exists a full homomorphism φ n : C * (Λ n ) ⊕ C * (Γ n ) → C * (Λ n+1 ) ⊕ C * (Γ n+1 ) which in K-theory induces the inclusion map G n,i ֒→ G n+1,i . Therefore, K i (lim − → (C * (Λ n ) ⊕ C * (Γ n ), φ n )) ∼ = K i (A). So, by Lemma 6.4 and the Kirchberg-Phillips classification, A ∼ = lim − → (C * (Λ n ) ⊕ C * (Γ n ), φ n ).
Theorem 6.6. Every UCT-Kirchberg algebra has nuclear dimension 1.
Proof. Let A be a UCT-Kirchberg algebra. Since Kirchberg algebras are not AF, [25, Remarks 2.2(iii)] shows that A has nuclear dimension at least 1. Corollary 2.8 of [25] shows that the nuclear dimension of A ⊗ K is the same as that of A, so we may assume that A is stable. By Lemma 6.5, A ∼ = lim − → (B n ⊕ C n , φ n ) where B n and C n are UCT-Kirchberg algebras such that K 1 (B n ) is free, K 0 (C n ) = 0, and K 1 (C n ) is a finite abelian group. By Lemma 6.2, dim nuc (C n ) = 1. By [4, Theorem 4.1], dim nuc (B n ) = 1. Proposition 2.3(i) of [25] implies that each B n ⊕ C n has nuclear dimension 1. It now follows from [25 
p,q = H p (Z 2 , K 0 (B)) for q even and 0 for q odd, and deduces in [5, Proposition 3.16 ] that E ∞ p,q = E (2) p,q for q even and p = 0, 1, 2. The spectral sequence converges to K * (B ×γ Z 2 ) ∼ = K * (C * (Λ)) and is natural, and the result follows.
